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Introduction

I N recent years, eigenstructure assignment has been an active
topic of research in multivariable control theory. Since the

degrees of freedom are available over and above pole assign-
ment using state or output feedback,1 respectively, numerous
researchers have exercised those degrees of freedom to make
the systems have good insensitivity to perturbations in the
system parameter matrices via eigenstructure assignment.1"5

Most eigenstructure assignment techniques in the last decade
only pay attention to the optimal solutions for some special
performance indices, e.g., HFflHalUVlb, where VR is the right
eigenvector matrix. However, many practical control systems
are required to have the ability to satisfy simultaneously differ-
ent and often conflicting performance criteria, for instance,
closed-loop stability, low feedback gains, and insensitivity to
model parameter variations.

In this Note, we provide a new approach to make the closed-
loop system satisfy a set of required performance criteria with
less conservatism, using eigenstructure assignment and the
method of inequalities.6

Multiobjective Controller Design
Consider a linear multivariable time-invariant, completely

controllable, state feedback system:

x = Ax + Bu, u = Kx (D

where x e (Rn is the state vector, u e Rm is the control input
vector, A e R"x", B e Rn x m, and K e Rm x". Then the closed-
loop system representation is given by x = (A 4- BK)x. Intro-
ducing an n X n-dimensional eigenvector matrix VR =
[Vn, V«, . . . , VRn], where VK (/ = 1, 2, . . . , n) is the right
eigenvector corresponding to the eigenvalue \h a general solu-
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tion for this problem can be given in the form of a parametric
expression, AT (A, V/?), for all feedback gain matrices AT which
assign the self-conjugate set of eigenvalues A = [X,, X2, . . . ,
XJ to the closed-loop system. If both the vector A and the right
eigenvector matrix VR of (A + BK) are specified, the controller
AT is determined.

In practice, it is usually intended to locate the eigenvalue
vector A in a well-defined set to meet the requirements of the
practical control system (e.g., stability, speed of response, etc.).
This leads to eigenvalue constraints, for example of the form
XL . ^ X/ ^ \uu where \Li E R and \Uf e IR are the lower
bound vector and the upper bound vector, respectively. These
constraints may be removed by considering the change of vari-
ables given by

with v, e IR. Since the system is assumed to be completely
controllable, the /th closed right eigenvector VRi is given by

VRi = (X,-/ - A)-lBWi9 i = 1, 2, . , n (3)

where Wt e RmX ' and the matrix W = [ W,, W2, . . . , WJ.
For the case when the matrix (X// - A ) is not invertible, for

example when one or more closed-loop eigenvalues are required
to be identical to open-loop values, then the following alterna-
tive to Eq. (3) by Roppenecker5 and Liu and Patton7 can be
used without loss of generality. Clearly, the right eigenvector
matrix VK is a function of Y = [vb v2, . . . , vn] and W, i.e.,
VR( Y, W). Thus, the parametric formula of the controller matrix
K can be described by AT(Y, W). A parametric representation
of the control matrix AT is given by5

AT(Y, W) = mV(Y, W) (4)

In most parameter insensitive design methods using eigens-
tructure assignment, the performance indices are given on the
basis of the right eigenvector matrix. For example, a very
common performance index is given by

<KY, (5)

where \\VR\\2 — (maximum eigenvalue of VRVR)112.
Though the performance index 4>(Y, W) can be used to

represent an upper bound of the eigenvalue sensitivities, it is
often conservative because of the following relations:

<KY, W) > maxfcMX W) : i e {1,2, . . . , n } } (6)

where 4>/( Y, W) is the individual sensitivity of the eigenvalue
\i to perturbations in any of the elements of the matrices A
and B, defined by

<t>KX W) = , i = 1 , 2 , . . . , n (7)

where the superscript * denotes "conjugate-transposed," VLi is
the /th closed-loop left eigenvector given by the relation
VI = VR

l with the left eigenvector matrix VL = [VL|, V/2,
.. . , VLn]. Hence, to reduce the conservatism the problem
becomes to find a pair (Y, W) such that

Y, W
for i = 1, 2, (8)

To give a feel for the usefulness of the multiobjective
approach as opposed to single-objective design techniques, let
us consider the minimization of the cost functions ct>,(Y, W)
( / = ! , 2, . . . , n ) . Let the minimum value of <)>,• be given by
<|>f, for i = 1, 2, . . . , n, respectively. For these optimal values
<(>*, there exist corresponding values given by 4> ;(4>f) (j =£ i,
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j = 1, 2, . . . , n), for i = 1, 2,
following relations:

min{(M<!>2*),

n, respectively, and the

^ <!>2* (10)

(11)

If one of the performance functions <(>/(/ = 1, 2, . . . , n) is
minimized individually (single-objective approach), then unac-
ceptably large values may result for other performance functions
4>yO' ^ i, 7 = 1, 2, . . . , n). The single- (or mixed) objective
approach has been considered in earlier papers.3-4 Generally,
there does not exist a solution for Eq. (8). So, we reformulate
the problem into a multiobjective problem as

(MY, for / = 1,2, (12)

The search for an admissible pair (Y, W) can be pursued
by solving

min{max{(MY, W) - ef : i = 1, 2 , . . . , w + 1}} < 0 (17)\,w

During the above minimization, if one or more of the <(>,•( Y,
W) persists in being larger than e{, this may be taken as an
indication that the performance criteria may be inconsistent,
whilst their magnitude gives some measure of how closely it
is possible to approach the objectives. In this case, some of the
performance criteria should be relaxed until they are satisfied.
From a practical viewpoint, the approximate optimal solution
is also useful if the optimal solution is not achievable. We do
not discuss the method of inequalities in this Note. However,
a full discussion of this method is given in Zakian and Al-Naib.6

Example
Consider the linear equation of motion of lateral dynamics

of the L-1011 aircraft corresponding to a certain cruise flight
condition. The system matrices for this example are given by10

where e, e [min{(|>,(Y, W)}, min{(|>(Y, W)}] is determined
by the designers.

Clearly, if we let all st = mm{$( Y, W)} for i = 1 , 2 , . . . ,
w, the design problem is the same as the minimization of the
performance function <)>( Y, W), which is a conservative formu-
lation. On the other hand, if we let all e, = min{<(>/(¥, W)}
for / = 1, 2 , . . . , n, it is the same as Eq. (8), which is a radical
formulation probably without solution. Hence, according to
the practical problem e, should be adjusted so that the design
formulation is neither conservative like the former nor radical
like the latter. In addition, we often need to consider some
constraints on the controller gain matrix K. A scalar measure
criterion which quantifies a structurally constrained gain matrix
may be defined as follows

(13)
= 1 . 7 = 1

where JST(/(Y, W) is the (/, j)th element of the full state gain
matrix K, p/, is a positive weighting factor which may be used
to force certain elements of the gain matrix to become small,
and en + i is a positive number which is determined by the
designers.

Therefore, combining Eqs. (12) and (13) results in the follow-
ing control problem:

W) for i = 1, 2, . . . , n, n + 1 (14)

For the output feedback case, some elements of the gain matrix
K are zero-valued and the corresponding weighting parameters
py can be selected to have large values to force this structure.3
There is therefore no loss of generality in using the formulation
given here for either state or output feedback control problems.

Based on the method of inequalities,6'8'9 a numerical solution
for a controller satisfying the performance criteria, Eq. (14),
can be obtained. Let T, be the set of parameters (Y, W) for
which the /th performance criterion is satisfied:

, - {(Y, (15)

Then the admissible or feasible set of parameters for which all
of the performance criteria hold is the intersection

r = n r, (16)

A =

0.0000 1.0000 0.0000 0.0000'
0.0000 -1.8900 0.3900 -5.5550
0.0000 -0.0340 -2.9800 2.4300
0.0350 -0.0011 -0.9900 -0.2100

B =

0.000 0.000
0.760 -1.600

-0.950 -0.032
0.030 0.000

The closed-loop eigenvalues are required to lie in ranges
given by

X, e [-1.5, -0.5],
\3 e [-3.5, -2.5],

\2 e [-2.5,-1.5]

\4 E [-4.5, -3.5]

A state feedback controller is required to assign the eigenvalues
in the above ranges to satisfy the following performance criteria:

[(MX W), (MX W), (MY,
< [2.3,4.1,2.3,4.1,9.0]

), (MX W), (MX

The performance function ([>, is the sensitivity of each eigen-
value X/, for / = 1, 2, 3, 4, respectively. The performance
function (f>5 is the gain matrix measure, which is defined as Eq.
(13) with fy = 1, for i = 1, 2, 3, 4 and; =1,2. Using the method
of inequalities, this has led to the following design results:

Y =

0.2000'
0.3000

-0.3702
2.118

w =
• 0.7200 -1.5148"
-1.3981 4.7985
2.2362 -3.8949
6.4527 3.1259_

/ Y' iy\
/ Y" 1X7"\

(Y, W)
(Y, W)
(XHO

=

2.2378
4.0807
2.2326
4.0893
8.7863
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Substituting Y and W into Eqs. (2-5) gives the closed-loop
eigenvalues, eigenvectors, the controller gain matrix, and the
function <XX W) as follows:

A-[-1.0184 -2.0165 -3.0148 -3.9908]
4>(Y, W) = 8.0840

VR =

1.9593 0.7860 1.3913 -0.4749'
-1.9954 -1.5850 -4.1943 1.8951

0.8334 -3.3813 2.1977 3.8898
0.9064 -1.8470 0.7328 0.9723

K =

1.6569 3.2205
0.6663 1.8746
2.4237 1.8304

-3.5491 -6.1889

From the above, it can be seen that the performance function
(|>( Y, W) (8.0840) is much larger than the maximum (4.0893)
of the individual eigenvalue sensitivities <|>/(Y, W) (i = 1,2,
3, 4) which have met the design requirements. This indicates
that the individual eigenvalue sensitivity functions are more
accurate and better to describe the system insensitivity property
to perturbations than the performance function 4>(Y, W). If the
gain matrix elements were considered to be too large, a further
reduction would be possible by sacrificing parameter insensitiv-
ity (and vice versa), i.e., the current level of one or more
individual eigenvalue sensitivities, by appropriate adjustments
to e/ (i = 1, 2, 3, 4). In this way, we can design the controller
to meet the specific needs.

Conclusions
A parameter-insensitive design method using eigenstructure

assignment and the method of inequalities has been developed
for multivariable control systems. Based on the eigenstructure
assignment principle, the control problem is formulated as that
of finding a controller to satisfy a set of performance criteria
described by a set of inequalities, which includes requirements
of individual eigenvalue sensitivities and feedback gains. The
performance criteria describe the practical control problem
more accurately and less conservatively than would be possible
using scalar performance criterion approaches. A numerical
solution has been presented using the method of inequalities
and illustrated in the design of an aircraft system controller.
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Introduction

T O simulate and analyze the dynamical motion of an articu-
lated, multiflexible body structure, we can use multibody

simulation packages such as Dynamic Interaction Simulation
Controls and Structure (DISCOS).1 To this end, we must supply
appropriate reduced-order models for all the flexible compo-
nents involved. For complex systems, such as the Galileo space-
craft, practical considerations (e.g., simulation time) impose
limits on the number of modes that each flexible body can
retain in a given simulation. Hence, reduced-order models of
the system's flexible components are needed.

Model reduction methodologies typically are used to reduce
a large system model to one that is small enough to facilitate
analysis and control design, yet "rich" enough that it retains
the salient features of the original system model. Although the
literature on model reduction is vast (see, e.g., Ref. 2), works
that address the model reduction needs of articulated, multiflexi-
ble body structures are sparse, and have appeared only
recently.3"6 Here, what is needed is a way of generating reduced-
order component models, which, when reassembled, produce
a reduced-order system model that retains the important input-
to-output mapping of the original system. The enhanced projec-
tion and assembly6 technique is one way to perform this task.

In this method, a composite mode set, consisting of important
system modes from all system configurations of interest, not
just from one particular system configuration, is first selected.
It is then augmented with static correction modes before being
projected onto the component models to generate reduced-order
component models. To generate the composite mode set, eigen-
value problems for the full-order system models, at all configu-
rations of interest, must be solved repetitively. This is a
drawback of the method because solving large eigenvalue prob-
lems can be costly. To overcome this difficulty, a two-stage
model reduction methodology, combining the classic compo-
nent mode synthesis method and the enhanced projection and
assembly method, is proposed in this research (Fig. 1).
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